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In his Lost Notebook, Ramanujan gave product expansions for
a pair of weight two Eisenstein series of level ﬁve. We show
that Ramanujan’s formulas are special cases of more general
parameterizations for quintic Eisenstein series. In particular, we
prove that the Eisenstein series for the Hecke subgroup of level ﬁve
are expressible as homogeneous polynomials in two parameters
closely connected with the Rogers–Ramanujan functions. Moreover,
the coeﬃcients of each polynomial are symmetric in absolute value
about the middle terms. Corresponding polynomial expansions for
allied series, including Eisenstein series on the full modular group,
are also derived.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
In his Lost Notebook, Ramanujan [15, p. 139] derived
∞∑
n=1
(
n
5
)
qn
(1− qn)2 = q
(q5;q5)5∞
(q;q)∞ , 1− 5
∞∑
n=1
(
n
5
)
nqn
1− qn =
(q;q)5∞
(q5;q5)∞ , (1.1)
where ( n5 ) is the Jacobi symbol modulo ﬁve and, for |q| < 1, (a;q)∞ =
∏∞
k=0(1 − aqk). These identi-
ties have important combinatorial implications [6, Cor. 9.6]. In this paper, we show that the identities
on line (1.1) have interesting factorizations and that these formulas are the ﬁrst two cases of a gen-
eral class of identities expressing Eisenstein series of level ﬁve as homogeneous polynomials in the
products
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2∞
(q;q5)5∞(q4;q5)5∞
, y(q) = q (q;q)
2∞
(q2;q5)5∞(q3;q5)5∞
. (1.2)
The normalized Eisenstein series of weight k on Γ0(N) twisted by the Dirichlet character χ modulo
N are given by [1, p. 17]
Ek,χ (q) = 1+ 2L(1− k,χ)
∞∑
n=1
χ(n)
nk−1qn
1− qn , (1.3)
where L(1−k,χ) is the analytic continuation of the associated Dirichlet L-series, and χ(−1) = (−1)k .
Our work culminates in parameterizations for weight k Eisenstein series in the form xk P (z5), where
P is a polynomial of degree k whose coeﬃcients exhibit symmetry about the middle terms, and z is
the Rogers–Ramanujan continued fraction
R(q) = q
1/5
1+ q
1+ q
2
1+ q
3
1+ · · ·
= 5
√
y
x
. (1.4)
The last equality of (1.4) was proven in 1894 by L.J. Rogers [16] in the familiar form
R(q) = q1/5 (q;q
5)∞(q4;q)∞
(q2;q5)∞(q3;q5)∞ . (1.5)
If we deﬁne (a;q)n =∏nk=0(1− aqk), then the numerator and denominator of (1.4) may be presented
in basic hypergeometric form via the Rogers–Ramanujan relations
G(q) :=
∞∑
n=0
qn
2
(q;q)n =
5
√
x(q)(q;q)−2∞ , H(q) :=
∞∑
n=0
qn
2+n
(q;q)n =
5
√
y(q)(q;q)−2∞ . (1.6)
Our work will result in corresponding expansions for Eisenstein series in terms of a counterpart to
R(q) deﬁned by
R(q) =
∞∏
n=1
1+ αqn + q2n
1+ βqn + q2n , α =
1+ √5
2
, β = 1−
√
5
2
. (1.7)
We denote the four Dirichlet characters modulo ﬁve via
〈
χ1,5(n)
〉4
n=0 = 〈0,1,1,1,1〉,
〈
χ2,5(n)
〉4
n=0 = 〈0,1, i,−i,−1〉, (1.8)〈
χ3,5(n)
〉4
n=0 = 〈0,1,−1,−1,1〉,
〈
χ4,5(n)
〉4
n=0 = 〈0,1,−i, i,−1〉. (1.9)
To construct the Eisenstein series of level ﬁve via (1.3), we require special values of L-functions for
Dirichlet characters modulo ﬁve. These may be formulated from generalized Bernoulli numbers [4,17]
or the following expansions derived in [10].
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L(1− 2k,χ3,5) = (−1)
k−1
22k
√
5
{
d2k−1
dθ2k−1
4∑
m=1
χ3,5(m) cot
(
θ + mπ
5
)}
θ=0
, (1.10)
L(−2k,χ2,5) = iG(1,χ2,5)(−1)
k
5 · 22k
(
cot(2k)(4π/5) + i cot(2k)(2π/5)), (1.11)
where G(m,χ) is the Gauss sum associated to the primitive character χ modulo N
G(m,χ) =
N∑
r=1
χ(r)e2π irm/N . (1.12)
From Corollary 1.1, we derive formulas for the weight one quintic Eisenstein series corresponding
to the two imaginary characters modulo ﬁve
E1,χ2,5(q) = 1+ (3− i)
∞∑
n=1
χ2,5(n)qn
1− qn , E1,χ4,5(q) = 1+ (3+ i)
∞∑
n=1
χ4,5(n)qn
1− qn . (1.13)
We will show that series from (1.13) have simple representations in terms of x and y.
Theorem 1.2.
E1,χ4,5(q) = x(q) + iy(q), E1,χ2,5(q) = x(q) − iy(q). (1.14)
These formulas for weight one quintic Eisenstein series are special cases of more general parame-
terizations for weight k Eisenstein series.
Theorem 1.3. Let χ be a Dirichlet character modulo ﬁve with χ(−1) = (−1)k and let Λ = R5(q) denote the
ﬁfth power of the Rogers–Ramanujan continued fraction. Then
Ek,χ (q) =
k∑
n=0
a(k − n,n)xk−n yn = xk
k∑
n=0
a(k − n,n)Λn(q), a(k − n,n) ∈Q(i).
Moreover,
a(k − n,n) = χ(2)(−1)na(n,k − n) for 0 n k.
With the convention Λ = R5(q), the ﬁrst few cases of Theorem 1.3 are
E2,χ1,5(q) = x2
(
1+ Λ2), E4,χ1,5(q) = x4(1− 43231 Λ + 31431 Λ2 + 43231 Λ3 + Λ4
)
, (1.15)
E6,χ1,5(q) = x6
(
1− 13932
781
Λ + 61095
781
Λ2 + 61095
781
Λ4 + 13932
781
Λ5 + Λ6
)
, (1.16)
E2,χ3,5(q) = x2
(
1− 11Λ − Λ2), E4,χ3,5(q) = E2,χ1,5(q)E2,χ3,5(q), (1.17)
E6,χ3,5(q) =
x6 (
1− 11Λ − Λ2)(67− 474Λ + 98Λ2 + 474Λ3 + 67Λ4), (1.18)
67
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x4
361
E2,χ1,5(q)E2,χ3,5(q)
(
361− 4692Λ + 10334Λ2 + 4692Λ3 + 361Λ4), (1.19)
E3,χ2,5(q) = E1,χ4,5(q)E2,χ3,5(q), (1.20)
E5,χ2,5(q) =
x5
1465
(
1465− (21605+ 215i)Λ + (58710+ 7855i)Λ2
+ (7855− 58710i)Λ3 + (215− 21605i)Λ4 − 1465iΛ5). (1.21)
We also obtain expansions for Eisenstein series on the full modular group, deﬁned by
E2k(q) = 1+ 2
ζ(1− 2k)
∞∑
n=1
n2k−1qn
1− qn , (1.22)
where ζ denotes the Riemann ζ -function. In particular, with Λ = R5(q), we derive
E4(q) = x4
(
1+ 228Λ + 494Λ2 − 228Λ3 + Λ4), (1.23)
E6(q) = x6
(
1− 522Λ − 10005Λ2 − 10005Λ4 + 522Λ5 + Λ6), (1.24)
q(q;q)24∞ = x11 y
(
1− 11Λ − Λ2)5. (1.25)
The polynomials in Λ = y/x on the right sides of (1.23)–(1.25) determine the Icosahedral equa-
tions and arise in Klein’s analysis of the symmetries of the regular Icosahedron [18, p. 459]. These
polynomials may be constructed geometrically by projecting appropriately oriented vertices of the
icosahedron onto the Riemann sphere. If we then map the resulting sphere onto the extended com-
plex plane via stereographic projection, the corresponding face, edge, and vertex values from C∪ {∞}
are roots of the polynomials from (1.23)–(1.25). See W. Duke’s article [5] for an illuminating exposition
of the many connections between the icosahedron and the Rogers–Ramanujan continued fraction.
Our work uniﬁes and extends parameterizations for Eisenstein series in terms of quintic parame-
ters given by Ramanujan in his Lost Notebook [15, pp. 50–51] and ﬁrst proven by S. Raghavan and
S.S. Rangachari [14]
E4(q) = Z2
(
1+ 250X + 3125X2), E4(q5)= Z2(1+ 10X + 5X2), (1.26)
E6(q) = Z2A
(
1− 500X − 15625X2), E6(q5)= Z2A(1+ 4X − X2), (1.27)
where
X = (q
5;q5)6∞
(q;q)6∞
, Z = (q;q)
5∞
(q5;q5)∞ , and A =
5E2(q5) − E2(q)
4
. (1.28)
In the course of our proofs, we will derive
X = xy
x2 − 11xy − y2 , Z = x
2 − 11xy − y2, A = x2 + y2. (1.29)
The middle equality of (1.29), when combined with (1.17), is equivalent to Ramanujan’s assertion on
the right of (1.1). The ﬁrst equality of (1.29) is a restatement of Ramanujan’s famous identity for the
Rogers–Ramanujan continued fraction
1
5
− 11− R5(q) = 1 . (1.30)
R (q) X
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(1.26) and (1.23)–(1.25) imply that any modular form on SL(2,Z) may be represented in terms of the
parameters from (1.28), or, equivalently, x(q) and y(q).
The formulas we derive may also be applied to parameterize Hecke Eisenstein series of level ﬁve
associated with the cusp τ = 0, q = e2π iτ . For the real-valued characters modulo ﬁve, we adopt the
notation from [2]
Lk(q) =
∞∑
n=1
nk(qn − q2n − q3n + q4n)
1− q5n , Sk(q) =
∞∑
n=1
nk(qn + q2n + q3n + q4n)
1− q5n . (1.31)
In [2], H.H. Chan and Z.-G. Liu showed that the generating functions for L2k−1(q) and S2k−1(q) satisfy
differential equations that, in turn, induce recursions expressing S2k−1(q) and L2k−1(q) in terms of
the parameters X , Z , and A deﬁned by (1.28). We will show that these parameterizations follow from
the differential equation for the Weierstrass ℘-function. The resulting polynomial expansions in x and
y exhibit the same symmetry about the middle coeﬃcients as in Theorem 1.3.
Theorem 1.4. Let Λ = R5(q) be deﬁned as in Theorem 1.3, and let E2k(q) denote the Eisenstein series of
weight k for the full modular group. Then, for each k  1, there exist integers b(2k − n,n), c(2k − 1,n), and
d(2k − 1,n), such that
E2k(q) = x2k
2k∑
n=0
b(2k − n,n)Λn(q), L2k−1(q) = x2k−1
2k−1∑
n=0
c(2k − 1− n,n)Λn(q),
S2k−1(q) = x2k−1
2k∑
n=0
d(2k − 1− n,n)Λn(q).
Moreover, for each k 1 and 1 n 2k − 1,
c(2k − 1− n,n) = (−1)nc(n,2k − 1− n), d(2k − 1− n,n) = (−1)n+1d(n,2k − 1− n),
and, for 1 n 2k, b(2k − n,n) = (−1)nb(n,2k − n).
We list the ﬁrst few expansions for L2k−1(q) and S2k−1(q) in Theorem 1.5. The special case on the
left of (1.32) is equivalent to Ramanujan’s left assertion in (1.1).
Theorem 1.5. If E2(q) denotes the Eisenstein series of weight two for the full modular group, then
L1(q) = xy, S1(q) = x
2 + y2 − E2(q5)
6
, (1.32)
L3(q) = x3 y + xy3, L5(q) = x5 y + 18x4 y2 + 14x3 y3 − 18x2 y4 + xy5, (1.33)
L7(q) = x7 y + 108x6 y2 + 495x5 y3 + 469x3 y5 − 108x2 y6 + xy7, (1.34)
and
S3(q) = x3 y + 2x2 y2 − xy3, S5(q) = x5 y + 20x4 y2 + 20x2 y4 − xy5, (1.35)
S7(q) = x7 y + 110x6 y2 + 469x5 y3 + 292x4 y4 − 469x3 y5 + 110x2 y6 − xy7. (1.36)
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the theory of elliptic functions. In Section 2, we express the series of low index from Theorems 1.2–
1.5 in terms of the Weierstrass elliptic functions. We then deduce parameterizations for these series
by employing the coupled system of differential equations given in Theorem 2.1. In Section 3, we give
a recursive technique for deriving parameterizations for the series from Theorems 1.2–1.5 by relating
each series to the Laurent coeﬃcients of the Weierstrass elliptic functions. The claimed symmetry for
the coeﬃcients from Theorems 1.2–1.4 is proven by describing the corresponding algebraic structure
of the Laurent series coeﬃcients at points of order ﬁve.
2. Parameterizations for Eisenstein series of low weight
To prove the parameterizations discussed in Theorems 1.2–1.5, we represent the relevant series
in terms of the following classical Weierstrass functions with periods ω1 = 2π ω2 = 2πτ , Imτ > 0,
deﬁned for q = e2π iτ , by [8, p. 342], [18, Ex. 35, p. 460]
ζ(θ) = 1
2
cot
θ
2
+ θ
12
− 2θ
∞∑
n=1
nqn
1− qn + 2
∞∑
n=1
qn sinnθ
1− qn , (2.1)
℘(θ) = 1
4
csc2
θ
2
− 1
12
+ 2
∞∑
n=1
nqn
1− qn − 2
∞∑
n=1
nqn cos(nθ)
1− qn . (2.2)
We diverge slightly from the usual approach by working instead with the respective normalizations
of ζ(θ),℘ (θ), and ℘′(θ) given by [10,11]
eα(q) = 1+ 4 tan(πα)
∞∑
n=1
sin(2nπα)qn
1− qn , Pα(q) = 1− 8 sin
2(πα)
∞∑
n=1
cos(2nπα)nqn
1− qn ,
Qα(q) = 1− 8 tan(πα) sin2(πα)
∞∑
n=1
sin(2nπα)n2qn
1− qn . (2.3)
Our primary tool for relating Eisenstein series of low weight with inﬁnite products is the following
differential system [11] satisﬁed by the parameters from (2.3).
Theorem 2.1. Let eα(q), Pα(q), and Qα(q) be deﬁned as in (2.3). Then for α 
≡ 1/2,
q
d
dq
eα = csc
2(πα)
4
(eα Pα − Qα), (2.4)
q
d
dq
Pα = csc
2(πα)
4
P2α −
1
2
cot2(πα)eαQα + 1
2
cot(πα) cot(2πα)e1−2αQα, (2.5)
q
d
dq
Qα = 1
4
Qα Pα csc
2(πα) + 1
2
P1−2αQα csc2(2πα) − 1
2
e21−2αQα cot2(2πα)
+ 3
2
eαe1−2αQα cot(πα) cot(2πα) − e2αQα cot2(πα). (2.6)
T. Huber proved in [10] that, for α = 1/5 and α = 2/5, the series from (2.3) are expressible in
terms of Eisenstein series on Γ0(5) of weight one, two, and three, respectively. For the present work,
we require the following allied expansions.
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e1/5(q) = E1,χ4,5(q) + E1,χ2,5(q)
2
+ β3 E1,χ4,5(q) − E1,χ2,5(q)
2i
, β = 1−
√
5
2
, (2.7)
e2/5(q) = E1,χ4,5(q) + E1,χ2,5(q)
2
+ α3 E1,χ4,5(q) − E1,χ2,5(q)
2i
, α = 1+
√
5
2
. (2.8)
Proof. The equations in Theorem 2.2 follow immediately once we write each identity in the form
1+
∞∑
n=1
a(n)
qn
1− qn = 1+
∞∑
n=1
b(n)
qn
1− qn . (2.9)
To prove (2.7), we deduce from (2.3) that
a(n) = 4
√
5− 2√5 sin
(
2πn
5
)
, (2.10)
b(n) = (1− 3i)(i + β
3)
2
χ4,5(n) + (1+ 3i)(β
3 − i)
2
χ2,5(n). (2.11)
Since a(n) and b(n) are periodic modulo ﬁve and agree on the integers 0 n 4, we conclude a(n) =
b(n), n ∈ Z. This proves (2.7). Identity (2.8) is similarly derived. 
In Theorems 2.3 and 2.4, we show that Ramanujan’s assertions from (1.1) are equivalent to several
classical identities from the theory of elliptic functions relating the Weierstrass ζ - and ℘-functions to
the Weierstrass σ -function
σ(θ) = 2exp
(
E2(q)
24
θ2
)
sin
(
θ
2
) ∞∏
n=1
1− 2qn cos(θ) + q2n
(1− qn)2 . (2.12)
Theorem 2.3. Let E2,χ3,5(q) be deﬁned by (1.3). Then
E2,χ3,5(q) =
(
3αe2/5(q) − α4e1/5(q)
2
)(
3βe1/5(q) − β4e2/5(q)
2
)
, (2.13)
∞∑
n=1
(
n
5
)
qn
(1− qn)2 =
(
e2/5 − e1/5
2
√
5
)(
α3e1/5 − β3e2/5
2
√
5
)
. (2.14)
Proof. We begin with the elliptic function identity
℘(z) − ℘(a) = −σ(z − a)σ (z + a)
σ (z)2σ 2(a)
. (2.15)
Setting z = 4π/5, a = 2π/5 in (2.15) and simplifying, we obtain
1− 5
∞∑(n
5
)
nqn
1− qn =
(q;q)5∞
(q5;q5)∞ . (2.16)n=1
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ζ(θ − a) − ζ(θ − b) − ζ(a − b) + ζ(2a − 2b) = σ(θ − 2a + b)σ (θ − 2b + a)
2σ(2b − 2a)σ (θ − a)σ (θ − b) , (2.17)
and using the deﬁnition of eα(q) from (2.3) to write the Weierstrass ζ -values in terms of e1/5(q),
e2/5(q), we ﬁnd
α4e1/5(q) − 3αe2/5(q)
2
= (q;q)2∞
∞∏
n=1
(1+ βqn + q2n)2
(1+ αqn + q2n)3 . (2.18)
Similarly, we may derive
β4e2/5(q) − 3βe1/5(q)
2
= (q;q)2∞
∞∏
n=1
(1+ αqn + q2n)2
(1+ βqn + q2n)3 . (2.19)
By multiplying the respective left and right sides of (2.18) and (2.19), we see that(
3αe2/5(q) − α4e1/5(q)
2
)(
3βe1/5(q) − β4e2/5(q)
2
)
= (q;q)
5∞
(q5;q5)∞ . (2.20)
Equating the left sides of (2.16) and (2.20) proves (2.13). Identity (2.14) follows from (2.13) and an
identity of Ramanujan [9, p. 135] connecting the Weierstrass ζ- and ℘-function(
ζ(θ) − θ E2(q)
12
)2
= ℘(θ) − 1
6
+ 4
∞∑
n=1
qn cos(nθ)
(1− qn)2 . (2.21)
To prove (2.14), we rewrite (2.21) in the form
e2θ (q) = 1+
16
cot2(πθ)
∞∑
n=1
qn cos(2nπθ)
(1− qn)2 +
8
cot2(πθ)
∞∑
n=1
nqn
1− qn
− 8
cot2(πθ)
∞∑
n=1
qnn cos(2nπθ)
1− qn . (2.22)
From the trigonometric representation for the Jacobi symbol modulo ﬁve(
n
5
)
= 2√
5
(
cos(2nπ/5) − cos(4nπ/5)), (2.23)
we ﬁnd from (2.22) that
α3
8
e21/5(q) +
β3
8
e22/5(q) =
1
2
+
∞∑
n=1
a(n)qn
(1− qn)2 +
∞∑
n=1
b(n)nqn
1− qn , (2.24)
where
a(n) = 5
(
n
5
)
, b(n) = −5
2
(
n
5
)
.
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α3
8
e21/5(q) +
β3
8
e22/5(q) = 5
∞∑
n=1
(
n
5
)
qn
(1− qn)2 +
1
2
E2,χ3,5(q). (2.25)
Identity (2.14) may be obtained by substituting (2.13) into (2.25). 
Theorem 2.4. Let α = 1+
√
5
2 , β = 1−
√
5
2 . Then
e2/5(q) − e1/5(q)
2
√
5
= q (q;q
5)2∞(q4;q5)2∞(q5;q5)2∞
(q2;q5)3∞(q3;q5)3∞
, (2.26)
α3e1/5(q) − β3e2/5(q)
2
√
5
= (q
2;q5)2∞(q3;q5)2∞(q5;q5)2∞
(q;q5)3∞(q4;q5)3∞
. (2.27)
Proof. By straightforward logarithmic differentiation, we ﬁnd that
q
d
dq
log
(
q
(q;q5)2∞(q4;q5)2∞(q5;q5)2∞
(q2;q5)3∞(q3;q5)3∞
)
=
∞∑
n=1
f (n)
nqn
1− qn , (2.28)
where
f (n) =
{−2, n ≡ 0,1,4 (mod 5),
3, n ≡ 2,3 (mod 5). (2.29)
For n ∈ Z, f (n) may be expressed in trigonometric form as
f (n) = 8β2 sin2(2π/5) cos(4nπ/5) − 8α2 sin2(π/5) cos(2nπ/5). (2.30)
The expansion (2.30) and the deﬁnition of Pα(q) given in (2.3) imply that
α2P1/5(q) − β2P2/5(q)√
5
= q d
dq
log
(
q
(q;q5)2∞(q4;q5)2∞(q5;q5)2∞
(q2;q5)3∞(q3;q5)3∞
)
. (2.31)
From (2.4), we ﬁnd
q
d
dq
log
(
e2/5(q) − e1/5(q)
2
√
5
)
= 2α
2e1/5(q)P1/5(q) − 2e2/5(q)P2/5(q) − 2α2Q 1/5(q) + 2Q 2/5(q)
(5+ √5)(e1/5(q) − e2/5(q))
. (2.32)
Setting u = 2π/5 and v = 2u in the classical identity [3, p. 55]
℘′(u)
℘ (u) − ℘(v) = ζ(u − v) + ζ(u + v) − ζ(u), (2.33)
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Q 1/5(q) = 1
2
(
P1/5(q) − β2P2/5(q)
)(
3e1/5(q) − β3e2/5(q)
)
, (2.34)
Q 2/5(q) = 1
2
(
P2/5(q) − α2P1/5(q)
)(
3e2/5(q) − α3e1/5(q)
)
. (2.35)
By inserting identities (2.34)–(2.35) into (2.32), we see that the left side of (2.31) equals the right
side of resultant (2.32). Therefore, the expressions on the left and right sides of (2.26) differ by a
constant multiple C . Since the ﬁrst terms in the q-expansions agree, we conclude that C = 1. Identity
(2.27) is similarly derived. 
From Theorems 2.2, 2.4 and identities (2.18)–(2.19), we see that there exist linear relations be-
tween the products x = x(q), y = y(q); the products listed in (2.18)–(2.19); and the weight one quintic
Eisenstein series. We summarize these relations in Corollary 2.5.
Corollary 2.5. Let x and y be deﬁned by (1.2); deﬁne α, β as in (1.7), and denote
z = (q;q)2∞
∞∏
n=1
(1+ βqn + q2n)2
(1+ αqn + q2n)3 , w = (q;q)
2∞
∞∏
n=1
(1+ αqn + q2n)2
(1+ βqn + q2n)3 . (2.36)
Then
(
1 −α5
1 −β5
)(
x
y
)
=
(
z
w
)
,
(
1 β3
1 α3
)(
x
y
)
=
(
e1/5
e2/5
)
,
1
2
(
1 i
1 −i
)(
x
y
)
=
(
E1,χ4,5
E1,χ2,5
)
.
In particular, we have proven Theorem 1.2 and obtained expansions for the Eisenstein series of low
index in terms of x and y. These results lead to elegant expansions for the series from (1.1) in terms
of x, y, z, w .
Theorem 2.6. Let x, y, z, w be deﬁned by (1.2) and (2.36). Deﬁne α,β as in (1.7). Then
∞∑
n=1
(
n
5
)
qn
(1− qn)2 = xy =
(w − z)(α5w − β5z)
125
, (2.37)
1− 5
∞∑
n=1
(
n
5
)
nqn
1− qn = zw =
(
x− α5 y)(x− β5 y)= x2 − 11xy − y2. (2.38)
An interesting consequence of Corollary 2.5 is that each of the series of index k from Theorems 1.2–
1.5 may be expanded in the form zk P (R5), where P is a polynomial of degree k and R =R(q) is
deﬁned by
R(q) = 5
√
w
z
=
∞∏
n=1
1+ αqn + q2n
1+ βqn + q2n , α =
1+ √5
2
, β = 1−
√
5
2
.
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We will apply a number of classical identities from the theory of elliptic functions. The most
important of these is the differential equation for the Weierstrass ℘-function
(
℘′(θ)
)2 = 4℘3(θ) − 1
12
E4(q)℘ (θ) − 1
216
E6(q). (3.1)
We will also make use of formulas expressing the quintic Eisenstein series in terms of special
values of the Weierstrass ℘-function. These are proven in [10].
Theorem 3.1. Let δi, j(n) denote the Kronecker delta function, let ζ(s) and L(s,χ) be the analytic con-
tinuations, respectively, of the Riemann zeta and L-function with character χ modulo ﬁve, and denote by
E2k(q) := E2k,1(q) the normalized Eisenstein series on SL(2,Z). Then, for each integer k 1,
E2k,15(q) = 2(−1)k−1
℘(2k−2)(4π/5) + ℘(2k−2)(2π/5)
ζ(1− 2k)(1− 52k−1)(1+ 4δ1,k) −
4(1− δ1,k) · 52k−1
52k−1 − 1 E2k
(
q5
)
, (3.2)
E2k+1,χ2,5(q) = 2(−1)kG(1,χ2,5)
℘(2k−1)(4π/5) + i℘(2k−1)(2π/5)
5L(−2k,χ2,5) , (3.3)
E2k,χ3,5(q) = (−1)k−1
℘(2k−2)(4π/5) − ℘(2k−2)(2π/5)√
5L(1− 2k,χ3,5)
, (3.4)
E2k+1,χ4,5(q) = 2(−1)k−1G(1,χ4,5)
℘(2k−1)(4π/5) − i℘(2k−1)(2π/5)
5L(−2k,χ4,5) . (3.5)
Corollary 3.2. Let δi, j(n) denote the Kronecker delta function, let ζ(s) and L(s,χ) be the respective analytic
continuations of the Riemann zeta and L-function with character χ modulo ﬁve, and denote by E2k(q) :=
E2k,1(q) the normalized Eisenstein series for SL(2,Z). Then, for each integer k 1,
℘(2k−2)(2π/5) = (−1)
k
4
ζ(1− 2k)(52k E2k(q5)− (4δ1,k + 1)E2k(q))
+ √5 (−1)
k
4
L(1− 2k,χ3,5)E2k,χ3,5(q),
℘(2k−2)(4π/5) = (−1)
k
4
ζ(1− 2k)(52kE2k(q5)− (4δ2,2k + 1)E2k(q))
− √5 (−1)
k
4
L(1− 2k,χ3,5)E2k,χ3,5(q),
℘(2k−1)(2π/5) = 5(−1)
k
4i
(
L(−2k,χ2,5)
G(1,χ2,5)
E2k+1,χ2,5(q) +
L(−2k,χ4,5)
G(1,χ4,5)
E2k+1,χ4,5(q)
)
,
℘(2k−1)(4π/5) = 5(−1)
k
4
(
L(−2k,χ2,5)
G(1,χ2,5)
E2k+1,χ2,5(q) −
L(−2k,χ4,5)
G(1,χ4,5)
E2k+1,χ4,5(q)
)
.
We also need a result relating the Weierstrass ζ -function to the parameters x(q) and y(q). Identity
(3.6) follows by an argument similar to the proof of Theorem 2.2.
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ζ(4π/5) − ζ(2π/5) = y
2
√
5− 2√
5
− x
2
√
5+ 2√
5
. (3.6)
The symmetry observed in the parameterizations from Theorems 1.2–1.5 results from the algebraic
structure of the Taylor coeﬃcients for the Weierstrass ℘-function at points of order ﬁve.
Lemma 3.4. If the q-expansions of ℘(k)(2π/5) and ℘(k)(4π/5) are normalized so that their constant term is
one, the respective series have coeﬃcients that are algebraic conjugates over the ﬁeld Q(
√
5 ).
Proof. From Corollary 1.1, we derive
−5i
4
(
L(−2,χ2,5)
G(1,χ2,5)
+ L(−2,χ4,5)
G(1,χ4,5)
)
= −1
5
√
1
2
(25+ 11√5) := γ (3.7)
and
−5
4
(
L(−2,χ2,5)
G(1,χ2,5)
− L(−2,χ4,5)
G(1,χ4,5)
)
= −1
5
√
1
2
(25− 11√5) := δ. (3.8)
Lemma 3.4 follows by showing that
− 5
4γ i
(
2χ2,5(n)
G(1,χ2,5)
+ 2χ4,5(n)
G(1,χ4,5)
)
, − 5
4δ
(
2χ2,5(n)
G(1,χ2,5)
+ 2χ4,5(n)
G(1,χ4,5)
)
(3.9)
are respective algebraic conjugates over Q(
√
5 ) for 0 n 4. 
The subsequently derived polynomial expansions for ℘(k)(2π/5) and ℘(k)(4π/5) in terms of x(q)
and y(q) have additional algebraic structure. To describe this structure, we consider two sets of homo-
geneous polynomials over Q(
√
5, i). The symmetry exhibited by these polynomials plays an important
role in the proof for the symmetry of the expansions from Theorems 1.2–1.5.
Lemma 3.5. For each a ∈Q(√5, i), let â denote the algebraic conjugate of a over the ﬁeld extension F(√5 ) of
F=Q(i). Deﬁne, for n ∈N,
P(n) =
{
n∑
j=0
pn− jxn− j y j
∣∣∣ p j ∈Q(√5, i), p j = (−1) j p̂n− j, 0 j  n/2
}
,
Q(n) =
{
n∑
j=0
pn− j xn− j y j
∣∣∣ p j ∈Q(√5, i), p j = i(−1) j p̂n− j, 0 j  n/2
}
.
The setsP(n) andQ(n) form respective vector spaces overQ(
√
5, i). Moreover, the setsP(n) andQ(n) satisfy
the following closure properties:
(1) If p(x, y) ∈P(n1) and q(x, y) ∈P(n2), then pq ∈P(n1 + n2).
(2) If p(x, y) ∈Q(n1) and q(x, y) ∈P(n2), then pq ∈Q(n1 + n2).
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cise in linear algebra. Therefore, let us address closure property (1). Suppose p ∈P(n1) and q ∈P(n2);
that is,
p(x, y) =
n1∑
i=0
pn1−i xn1−i yi, pi ∈Q(
√
5 ), pi = (−1)i p̂n1−i, (3.10)
q(x, y) =
n2∑
j=0
qn2− jxn2− j y j, qi ∈Q(
√
5 ), qi = (−1)i q̂n2−i . (3.11)
For ﬁxed values of n1,n2, deﬁne, for 0 n n1 + n2,
M(n) = {(i, j) ∣∣ 0 i  n1, 0 j  n2, i + j = n}.
From (3.10)–(3.11), we conclude that the coeﬃcient of xn1+n2−n yn in the product pq is
∑
(i, j)∈M(n)
piq j = (−1)n
∑
(i, j)∈M(n)
p̂n1−i q̂n2− j, 0 n
⌊
(n1 + n2)/2
⌋
. (3.12)
On the other hand, the coeﬃcient of xn yn1+n2−n in the product pq is
∑
(i, j)∈M(n1+n2−n)
piq j =
∑
(i, j)∈M(n)
pn1−iqn2− j. (3.13)
Upon noting that p̂i p̂ j = p̂i p j , a comparison of the right sides of (3.12) and (3.13) shows closure
property (1) of Lemma 3.5. The proof of closure property (2) is very similar to that given for closure
property (1). 
Theorem 3.6. Let x = x(q) and y = y(q) be deﬁned by (1.2), and letP(n) andQ(n) be the vector spaces over
Q(
√
5, i) deﬁned by Lemma 3.5. Then, for each integer k 0,
℘(2k)(2π/5) ∈P(2k + 2), G(1,χ2,5)℘(2k+1)(2π/5) ∈Q(2k + 3), (3.14)
where G(1,χ2,5) is the Gauss sum deﬁned by (1.12).
Proof. We ﬁrst prove leftmost statement of (3.14). From Theorem 2.3 and Corollaries 2.5 and 3.2, we
derive
℘(2π/5) = 5
12
(
x2 + y2)+ √5
10
(
x2 − 11xy − y2). (3.15)
In particular, we observe that ℘(2π/5) ∈ P(2). To prove {℘′(2π/5)}2 ∈ P(6), recall that the se-
ries Q 1/5(q) is a normalized form of ℘′(2π/5). Therefore, the classical elliptic function identity [18,
p. 459]
σ(2θ)
4
= −℘′(θ) (3.16)
σ (θ)
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Q 1/5(q) = (q;q)6∞
∞∏
n=1
1+ αqn + q2n
(1+ βqn + q2n)4 , α =
1+ √5
2
, β = 1−
√
5
2
.
Identities (2.18) and (2.19) imply
Q 1/5(q) = − (3αe2/5(q) − α
4e1/5(q))(3βe1/5(q) − β4e2/5(q))2
8
. (3.17)
By applying Corollaries 1.1, 2.5 and 3.2, we may write (3.17) in the form
℘′(2π/5) = γ (x− β5 y)(x2 − 11xy − y2), (3.18)
where γ is deﬁned in (3.7). From Corollary 1.1 and identities (3.18) and (3.7), we conclude that
{℘′(2π/5)}2 ∈P(6). Next, we differentiate (3.1) with respect to θ to derive
℘′′(θ) = 6℘2(θ) − E4(q)
24
. (3.19)
From (3.19), we deduce
E4(q) = 72℘2(2π/5) − 12℘′′(2π/5) + 72℘2(4π/5) − 12℘′′(4π/5). (3.20)
Through the use of Corollary 3.2, we may rewrite (3.20) in the form
625E4
(
q5
)+ 19E4(q) = 125
4
(
5E2
(
q5
)− E2(q))2 + 144E22,χ3,5(q). (3.21)
By Corollary 3.2, Lemma 3.4, and (3.15), we derive
25E2(q5) − 5E2(q)
24
= ℘(2π/5) + ℘(4π/5) = 5
6
(
x2 + y2). (3.22)
If we set a = 2θ , b = c = −θ in the Frobenius–Stickelberger pseudo-addition formula for the Weier-
strass ζ -function [7], [18, p. 459]
{
ζ(a) + ζ(b) + ζ(c)}2 = ζ ′(a) + ζ ′(b) + ζ ′(c), a + b + c = 0, (3.23)
and differentiate the resulting relation twice, we obtain
℘′′(θ) − 4℘′′(2θ) = 4(℘(θ) − ℘(2θ))2 + 2(ζ(2θ) − 2ζ(θ))(℘′(θ) − 2℘′(2θ)). (3.24)
Setting θ = 2π/5 in (3.24) and using Lemma 3.3, Corollary 3.2, and (3.18), we obtain
54E4
(
q5
)− E4(q) = 48(13x2 − 18xy − 13y2)(x2 − 11xy − y2). (3.25)
Identities (2.37), (3.21), (3.22) and (3.25) imply
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E4
(
q5
)= x4 − 12x3 y + 14x2 y2 + 12xy3 + y4. (3.27)
From (3.19), (3.26) and Corollaries 2.5 and 3.2, we derive
℘′′(2π/5) = 13+ 5
√
5
110
(
x2 − 11xy − y2)(x− β5 y)(11x+ (5β3 − 8)y). (3.28)
After expanding (3.28), we conclude that ℘′′(2π/5) ∈ P(4). By iteratively differentiating (3.1) with
respect to θ , we derive
℘(n+2)(θ) = 6
n∑
k=0
(
n
k
)
℘(k)(θ)℘(n−k)(θ), n 1. (3.29)
A straightforward argument using (3.29) and induction on k shows that ℘(2k)(2π/5) is a polynomial
in the parameters ℘(2π/5) and {℘′(2π/5)}2. By Lemma 3.5, we conclude that ℘(2k)(2π/5) ∈P(2k+
2) for each nonnegative integer k. This proves the left statement of (3.14). To prove the second claim
of (3.14), we apply (3.7) to deduce that
G(1,χ2,5)γ =
√
5
5
(
α2 − α3i). (3.30)
Thus, we derive
G(1,χ2,5)℘
′(2π/5) = α
2 − α3i√
5
x3 +
(−11α2 − β3 + (11α3 − β2)i√
5
)
x2 y (3.31)
+ β
3 + β2i√
5
y3 +
(
11β3 − α2 + (α3 + 11β2)i√
5
)
xy2. (3.32)
Therefore, the second claim of (3.14) is true for k = 0. Now suppose that
G(1,χ2,5)℘
(2n−1)(2π/5) ∈Q(2n + 1), 1 n k. (3.33)
Eq. (3.29), implies that
G(1,χ2,5)℘
(2k+1)(2π/5) =
k∑
i=0
G(1,χ2,5)℘
(2i−1)(2π/5)℘(2k−2i)(2π/5). (3.34)
Through (3.33), we establish G(1,χ2,5)℘(2i−1)(2π/5) ∈Q(2i + 1) for 0 i  k. The leftmost equality
of (3.14) and the closure property (2) of Lemma 3.5 together imply that each term on the right side
of (3.34) is an element of the vector space Q(2k + 3). Therefore, the rightmost claim on line (3.14)
follows by mathematical induction. This completes the proof of Theorem 3.6. 
Corollary 3.7. The polynomials from Theorems 1.3 and 1.4 are symmetric in absolute value about the middle
terms.
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satisfy the symmetry properties claimed in Theorem 1.4, we note that, by (3.26), E4(q) ∈P(4). Com-
bining this with (3.1) and the fact that {℘′(2π/5)}2 ∈P(6) (see the proof of Theorem 3.6), we ﬁnd
that E6(q) ∈P(6). Therefore, by Lemma 3.5 and the recurrence formula for the classical Eisenstein se-
ries, we deduce that the expansion for E2k(q) in terms of x(q) and y(q) has the symmetry about the
middle coeﬃcient claimed in Theorem 1.4. The assertions of Theorem 1.3 may be similarly deduced
from Theorem 3.1.
We now address corresponding claims for the series L2k−1(q) and S2k−1(q) appearing in The-
orem 1.4. In the next lemma, we indicate how these series may be obtained by transforming the
Weierstrass ζ - and ℘-functions.
Lemma 3.8.
ζ(θ + 6πτ | 5τ ) = 1
2i
+ (θ + 6πτ)E2(q)
12
− i
∞∑
n=1
q3neinθ − q2ne−inθ
1− q5n , (3.35)
ζ(θ + 8πτ | 5τ ) = 1
2i
+ (θ + 8πτ)E2(q)
12
− i
∞∑
n=1
q4neinθ − qne−inθ
1− q5n . (3.36)
Proof. Starting with the identity [12, Lemma 1.2]
ζ(θ +πτ | τ ) = 1
2i
+ (θ +πτ)E2(q)
12
+
∞∑
n=1
qn/2
1− qn sin(nθ), q = e
2π iτ ,
replace τ with 5τ and replace θ by θ + πτ in the resulting equation to obtain (3.35). Eq. (3.36) is
similarly derived. 
The parameterizations for S2k−1(q) and L2k−1(q) are obtained by adding and subtracting appro-
priate Taylor series coeﬃcients for ζ(θ + 6πτ | 5τ ) and ζ(θ + 8πτ | 5τ ) about θ = 0. We ﬁrst derive
parameterizations for the order zero and one terms.
Lemma 3.9.
1− 1
2
∞∑
n=1
qn − q4n
1− q5n =
23− 3x− y
20
, 1− 1
2
∞∑
n=1
q2n − q3n
1− q5n =
23+ 3y − x
20
, (3.37)
−℘(8πτ | 5τ ) =
∞∑
n=1
n(qn + q4n)
1− q5n +
E2(q5)
12
= x
2 + 6xy + y2
12
, (3.38)
−℘(6πτ | 5τ ) =
∞∑
n=1
n(q2n + q3n)
1− q5n +
E2(q5)
12
= x
2 − 6xy + y2
12
. (3.39)
Proof. By expanding the summand on the far left of (3.37) as a geometric series and switching in-
dices, we derive
1− 1
2
∞∑ qn − q4n
1− q5n = 1−
1
2
∞∑ Re(χ2,5(n))qn
1− qn . (3.40)n=1 n=1
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23− α2e1/5 − β2e2/5
20
= 1− 1
2
∞∑
n=1
Re(χ2,5(n))qn
1− qn . (3.41)
The left equation of (3.37) follows from Corollary 2.5. The equation on the right of (3.37) is similarly
derived. To prove (3.38), apply (3.22), the middle equality of (2.37), and the rightmost equality of
(1.28) to derive
x2 + 6xy + y2 − E2(q5)
12
= 1
2
∞∑
n=1
(
n
5
)
qn
(1− qn)2 +
5E2(q5) − E2(q)
48
− E2(q
5)
12
= 1
2
∞∑
n=1
n(qn − q2n − q3n + q4n)
1− q5n +
1
2
∞∑
n=1
n(qn + q2n + q3n + q4n)
1− q5n
=
∞∑
n=1
n(qn + q4n)
1− q5n .
The proof of (3.39) follows similarly from (2.37) and (1.28). 
Theorem 3.10.
−i℘′(8πτ | 5τ ) =
∞∑
n=1
n2(qn − q4n)
1− q5n = q
(q2;q5)∞(q3;q5)∞(q5;q5)6∞
(q;q5)4∞(q4;q5)4∞
= x2 y, (3.42)
−i℘′(6πτ | 5τ ) =
∞∑
n=1
n2(q2n − q3n)
1− q5n = q
2 (q;q5)∞(q4;q5)∞(q5;q5)6∞
(q2;q5)4∞(q3;q5)4∞
= y2x. (3.43)
Proof. To prove the claimed identities, we require a parameterization for E6(q5) in terms of x(q) and
y(q). From the differential equation (3.1) for the Weierstrass ℘-function, we derive
E6(q) = 864℘3(θ) − 18E4(q)℘ (θ) − 216
(
℘′(θ)
)2
. (3.44)
Identities (3.44), (3.15), and (3.18) allow us to calculate the parameterization
E6(q) = x6 − 522x5 y − 10005x4 y2 − 10005x2 y4 + 522xy5 + y6. (3.45)
Setting n = 2 in (3.29), we obtain
℘(4)(θ) = 6(2{℘′(θ)}2 + 2℘(θ)℘(2)(θ)). (3.46)
From (3.15), (3.18), (3.28), and Corollary 3.2, we conclude
56E6
(
q5
)− E6(q) = 504(31x2 − 216xy − 31y2)(x2 − 11xy − y2)(x2 + y2). (3.47)
Identities (3.45) and (3.47) imply
E6
(
q5
)= x6 − 18x5 y + 75x4 y2 + 75x2 y4 + 18xy5 + y6. (3.48)
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replaced with q5 to obtain
(
℘′(6πτ | 5τ ))2 = 4℘3(6πτ | 5τ ) − 1
12
E4
(
q5
)
℘(6πτ | 5τ ) − 1
216
E6
(
q5
)
. (3.49)
By substituting (3.48), (3.39), and (3.27) into (3.49), we derive
(
℘′(6πτ | 5τ ))2 = −x2 y4. (3.50)
Identity (3.43) follows by taking the principal square root of each side of (3.50) and using the explicit
form for ℘′(6πτ | 5τ ) from (3.35). Identity (3.42) is similarly derived. 
Lemma 3.8 and Theorem 3.10, together with the differential equation (3.1) for the Weierstrass
℘-function, imply that ℘(n)(6πτ | 5τ ) ± ℘(n)(8πτ | 5τ ) ∈ P(n + 2) for each n ∈ N. Thus, we have
established the claimed symmetry for the series L2k−1(q) and S2k−1(q) appearing in Theorem 1.4.
4. Some applications and ﬁnal thoughts
From the results of the previous sections, we obtain a number of unusual identities. These iden-
tities are somewhat less surprising when viewed through the lens of elliptic function theory. Their
equivalence to classical identities is not apparent at ﬁrst glance.
Corollary 4.1. If Λ = R5(q) denotes the ﬁfth power of the Rogers–Ramanujan continued fraction, then
Λ(q) = E1,χ4,5(q) − E1,χ2,5(q)
E1,χ4,5(q) + E1,χ2,5(q)
=
∑∞
n=1
n2(q2n−q3n)
1−q5n∑∞
n=1
n2(qn−q4n)
1−q5n
.
Corollary 4.2.
( ∞∑
n=1
(
n
5
)
qn
(1− qn)2
)3
=
( ∞∑
n=1
n2(qn − q4n)
1− q5n
)( ∞∑
n=1
n2(q2n − q3n)
1− q5n
)
, (4.1)
E32,χ3,5(q) =
(
1+ α5i
2
E3,χ2,5(q) +
1− α5i
2
E3,χ2,5(q)
)
×
(
1+ β5i
2
E3,χ2,5(q) +
1− β5i
2
E3,χ2,5(q)
)
. (4.2)
The claims above may be proven by inserting the parameterizations for each series from the previ-
ous section. One may construct further identities by understanding the origin of the identities within
the theory of elliptic functions. Each identity is motivated by a general expansion [18, Ex. 24, p. 459]
for the sigma quotient σ(ku)/σ k
2
(u) in terms of the Weierstrass ℘-function. At points of order ﬁve,
the σ -quotients may be given in general by Theorem 4.3.
Theorem 4.3. Let a(k) = b(k) = 0 for k ≡ 0 (mod 5), and deﬁne
a(k) =
{
(2k2 − 3)/5, k ≡ 2,3 (mod 5),
2 (k2 − 1), k ≡ 1,4 (mod 5), b(k) =
{
(3k2 − 2)/5, k ≡ 2,3 (mod 5),
3 (k2 − 1), k ≡ 1,4 (mod 5).5 5
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ck
σ(2kπ/5)
σ k
2
(2π/5)
=
(
α4e1/5(q) − 3αe2/5(q)
2
)a(k)(
β4e2/5(q) − 3βe1/5(q)
2
)b(k)
. (4.3)
Proof. From the deﬁnition (2.12) of the Weierstrass σ -function, we derive
ck
σ(2πk/5)
σ k
2
(2π/5)
=
⎧⎨⎩ (q;q)
2k2−2∞
∏∞
n=1(1+ βqn + q2n)1−k2 , k ≡ 1,4 (mod 5),
(q;q)2k2−2∞
∏∞
n=1
1+αqn+q2n
(1+βqn+q2n)k2−1 , k ≡ 2,3 (mod 5),
(4.4)
where ck ∈ R depends only on k. By inserting the product representations given by (2.18) and (2.19)
for the factors on the right side of (4.3), we see that the right side of (4.4) is in agreement with the
right side of (4.3). This proves Theorem 4.3. 
Corollary 4.4. For each integer k 2 with 5  k, and for some ak ∈C,
(
1− 5
∞∑
n=1
(
n
5
)
nqn
1− qn
)k2−1
= ak σ(2kπ/5)
σ k
2
(2π/5)
· σ(4kπ/5)
σ k
2
(4π/5)
. (4.5)
We conclude the paper with several conjectures involving parameterizations for Eisenstein series
with argument ξq5
n
, n ∈ Z, where ξ is a primitive ﬁfth root of unity. These claims are evidence
of a quintic analogue of Jacobi’s duplication, dimidiation, and change of sign formulas [13]. Jacobi’s
formulas give parameterizations for various series in terms of the elliptic modulus with q replaced by
±q2n , n ∈ Z. Our conjectures, if true, point toward quintic representations for series of argument ξq5n .
Conjecture 4.5.
1
5
4∑
k=0
E4
(
e2πki/5q1/5
)= x4 + 30228x3 y + 60494x2 y2 − 30228xy3 + y4, (4.6)
1
25
24∑
k=0
E4
(
e2πki/25q1/25
)= x4 + 3780228x3 y + 7560494x2 y2 − 3780228xy3 + y4. (4.7)
In general,
1
5n
5n−1∑
k=0
E4
(
e2πki/5
n
q1/5
n)= a1x4 + a2x3 y + a3x2 y2 + a4x3 y + a5 y4, (4.8)
for some integers a1 , a2 , a3 , a4 , a5 .
Conjecture 4.6. Let
F (q) = x4 − 348 x3 y + 254 x2 y2 + 348 xy3 + y4 (4.9)
25 25 25
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W (q) = x6 − 55746
3125
x5 y + 48891
625
x4 y2 + 48891
625
x2 y4 + 55746
3125
xy5 + y6.
Then
E4(q) = 1
25
24∑
k=0
F
(
e2π ik/25q1/25
)
, E6(q) = 1
25
24∑
k=0
W
(
e2π ik/25q1/25
)
. (4.10)
In general, for each positive integer n, there exist a1,a2,a3,a4,a5 ∈Q such that
E4(q) = 1
5n
5n−1∑
k=0
F
(
e2πki/5
n
q1/5
n)
,
where
F (q) = a1x4 + a2x3 y + a3x2 y2 + a4x3 y + a5 y4.
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